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Abstract 

We revisit the problem of stability of string vacua involving hyperbolic orbifolds 
using methods from homotopy theory and K-homology. We propose a definition of 
Type II string theory on such backgrounds that further carry stratified systems of 
fiber bundles, which generalise the more conventional orbifold and symmetric string 
backgrounds, together with a classification of wrapped branes by a suitable generalized 
homology theory. For spaces stratified fibered over hyperbolic orbifolds we use the 
algebraic K-theory of their fundamental groups and Quinn homology to derive criteria 
for brane stability in terms of an Atiyah-Hirzebruch type spectral sequence with its lift 
to K-homology. Stable D-branes in this setting carry stratified charges which induce 
new additive structures on the corresponding K-homology groups. We extend these 
considerations to backgrounds which support Ff-flux, where we use K-groups of twisted 
group algebras of the fundamental groups to analyse stability of locally symmetric 
spaces with K-amenable isometry groups, and derive stability conditions for branes 
wrapping the fibers of an Eilenberg-MacLane spectrum functor. 
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1 Introduction and summary 

Backgrounds of string theory with group actions have a distinctive place in the landscape of 
string vacua, as they provide a procedure for generating new backgrounds from old ones. For 
example, just as strings can propagate on spaces, they can also propagate on orbifolds pm 
which lead to many novel stringy effects, particularly in the description of D-branes. More¬ 
over, all supergravity backgrounds which preserve more than half the supersymmetry are 
homogeneous [3j, and symmetric spaces constitute a special class wherein the classification 
of these backgrounds can be substantially progressed. 

In this paper we revisit the problem of supersymmetry of string theory backgrounds involving 
hyperbolic orbifolds; in fact we analyse the weaker problem of stability of these backgrounds. 
In Sect. [2] we review the significance of these string vacua and problems associated with their 
supersymmetry. Starting from features of string propagation in orbifolds and in symmetric 
spaces, we then consider modifications of these backgrounds wherein they are regarded as the 
bases of stratified systems of fiber bundles, and more specifically of spaces stratified fibered 
over hyperbolic orbifolds. We propose a definition of Type II string theory on these spaces 
and analyse their stability in terms of wrapped branes, which constitute novel extensions of 
string theory on orbifold and symmetric backgrounds. The existence of a stratification on a 
background B is of course neither novel nor exotic: If B is endowed with the structure of a 
simplicial complex, then the strata are just the open simplices. However, the more pertinent 
example to bear in mind throughout this paper is that of an orbifold, which is a disjoint 
union of strata with each stratum a connected component of points with the same isotropy 
group (up to conjugacy). 

In this paper we shall introduce and emphasise new methods from homotopy theory for the 
classification of branes on these broader classes of singular backgrounds, which are techniques 
that have received considerably less attention in the physics literature compared to e.g. K- 
theory. The basic idea is that by considering these backgrounds and their branes in stratified 
families we can probe their stability by endowing them with “local coefficient systems”, and 
then classify them by a suitable homology theory on the category of spaces with stratified 
systems of fiber bundles. This is homology with twisted and stratified spectrum coefficients 
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developed by Quinn |5j; we give a general overview of Quinn homology in Sect. [3] using 
the language of homology loop spectra, paying particular attention to an Atiyah-Hirzebruch 
type spectral sequence and its relation to singular or Cecil homology. As we discuss in the 
following, Quinn homology for stratified systems of fiber bundles plays a role analogous to 
Bredon homology for orbifolds. 

In Sect. SI we discuss the classification of stable D-branes in spaces stratified fibered over 
hyperbolic orbifolds. We use a suitable Atiyah-Hirzebruch type spectral sequence and strat¬ 
ified systems of abelian groups over hyperbolic manifolds to derive rigorous stability criteria. 
As the initial homology charges are have coeffcients valued in stratified systems of groups, 
stable D-branes carry charges which induce new additive structures on K-homology. For 
backgrounds with strongly virtually negatively curved fundamental groups A, we give an 
explicit description of the homology groups in which the obstructions to D-brane stability 
lie in terms of the algebraic K-theory of A. We also find a broad class of novel examples of 
unstable backgrounds. 

Finally, in Sect. Owe extend our considerations to examples involving Type II D-branes in H- 
flux backgrounds, using their description in terms of KK-groups and the twisted K-homology 
of continuous trace C*-algebras. In the case of locally symmetric spaces with K-amenable 
isometry groups, we provide an explicit analysis of stability conditions using K-groups of the 
twisted group C'*-algebra of the fundamental group of the background. In particular, when 
the locally symmetric background is an Eilenberg-MacLane space, we examine conditions 
under which it can be extended via a stratified system of abelian groups through a suitable 
Atiyah-Hirzebruch type spectral sequence as a non-trivial element of the homology groups; 
stability here is formulated in terms of filtration structured spectra associated to the fibers 
of the Eilenberg-MacLane spectrum functor. 


2 String orbifolds, stratified fiber bundles and branes 

Orbifolds. Let A be a discrete group acting properly on a smooth manifold X with 
finite stabilizers. A Type II string orbifold is then constructed by taking a worldsheet £, 
which is a compact oriented two-manifold, and a collection of smooth maps (j) : £ —> X. To 
include twisted sectors into the string theory, we consider a larger space of fields which is a 
groupoid; the objects of the groupoid label the twisted sectors and are pairs (P, 0) consisting 
of a principal A-bundle P — y £ with a A-equivariant map (j) : P —> X, while the morphisms 
(P, (p) — y (P',0') are given by isomorphisms / : P —y P' of principal A-bundles such that 
4> = (j)' o /. This defines the string theory on the global quotient spacetime B = [X/A], 
which can be presented as the action groupoid Axl=il whose objects are the points 
x £ X and whose morphisms x —> y are the group elements g G A for which g ■ x = y\ the 
groupoid structure keeps track of the isotropy subgroups A x := {h G A | h ■ x = x} C A for 
all x G A", and a string field (j) : £ —> B is given by a pair as above. A geometric 

realization of this quotient is given by the Borel construction \B\ := PA Xa X, where PA is 
a contractible space with a free A-action; if A" is contractible then the orbifold fundamental 
group is 7Ti (B) = 7Ti(|£>|) = A. For further details and background on orbifolds, see e.g. [6]. 
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We can also admit as spacetimes more general orbifolds B which are not global quotients 
by discrete groups. Generally, orbifolds are presented as groupoids, so that points can have 
automorphisms A x as above, or alternatively as smooth real Deligne-Mumford stacks; see [7] 
for an introductory exposition of results that we shall use throughout this paper. Recall 
that a stack is an object in the 2-category of sheaves of groupoids on the category of smooth 
manifolds with respect to the usual Grothendieck topology given by open coverings. Any 
manifold A is itself a stack which associates to each test manifold T the (trivial) groupoid 
of smooth maps X(T) = C°°(T,X). The global quotient stack [A/A] associates to T the 
groupoid [A/A](T) of pairs (P —> T, </) as above; if A acts freely with quotient manifold 
A/A, then there is a natural isomorphism of stacks [A/A] = A/A or alternatively a Morita 
equivalence between the action groupoid A x A =4 X and the unit groupoid A/A =1 A/A. 
The maps between two stacks B —>■ B' form the groupoid Hom(£>, B') of maps between 
sheaves of groupoids; the objects of Horn {B,B') are morphisms / : B —> B' of stacks and 
the morphisms of Hom(£>, B' ) are 2-morphisms f\ / 2 between morphisms f\, / 2 : B —> B'. 
The Yoneda embedding then gives a Morita equivalence of groupoids B{T) = Hom(T, B). 
The string fields can thus be regarded as maps : £ —> B of stacks, and the groupoid of all 
such maps includes twisted sectors of the orbifold string theory. If the stack B is presented 
as a groupoid Q = (Gi =4 Go), then the collection of n-tuples of composable morphisms 
Gn = ( Gi) Xs ° n is a simplicial space with geometric realisation \B\ = ]J n Q n x A n / ~, where 
A denotes the standard simplicial 2-category of ordered simplices and the equivalence relation 
~ identifies the face and degeneracy maps of Q and A; throughout A n denotes the standard 
n-simplex. The set of isomorphism classes of objects of the groupoid is called the orbit space 
of the orbifold, or the coarse moduli space of the stack. For further details concerning stacks 
in relation to string orbifolds, see [2]. 

Other geometric data, such as metrics, connections and supergravity form fields, can also be 
defined in this setting. In particular, D-branes wrapping B carry gauge fields and require 
a notion of Chan-Paton bundles on stacks. A vector bundle on a stack B is a map of 
stacks from B to the stack of vector bundles whose evaluation on a test manifold T is 
the groupoid of vector bundles over T and isomorphisms. Alternatively, given a groupoid 
presentation s, t : Gi =4 Go for B, a vector bundle on B is a vector bundle £ —> Go together 
with an isomorphism s*£ t*£ of bundles over Gi which satisfies a cocycle condition over 

Go = G i Xg 0 G\ ■ Finite rank vector bundles on a groupoid and their morphisms form a 
symmetric monoidal category; the Grothendieck group of this category computes the K- 
theory of the stack B. 

Stratified fiber bundles. In this paper we will be concerned with a homotopy theoretic 
generalization of the class of string backgrounds given by orbifolds. For this, recall that a 
stratification of a space B is a locally finite decomposition B = \\ i Bi into pairwise disjoint 
and locally closed submanifolds called strata. The usual homotopy lifting property which 
defines a fiber bundle is generalized to the stratified setting as follows: A map p : A B 
between stratified spaces is called a stratified fiber bundle if, for any map f : E X, every 
stratum preserving homotopy F : E x A 1 —>■ B from Fj 0 = po f lifts to a stratified homotopy 
F : E x A 1 —y X from F\ 0 = / with po F = F. See e.g. [Sj for further details and properties. 

The global quotient orbifolds describing string backgrounds fit into this framework in the 
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following way. Suppose that A is a finite group acting smoothly on a manifold X. For 
a subgroup H C A, let X^h) be the A-invariant submanifold of X consisting of all points 
x E X whose isotropy subgroup A x is conjugate to F; then X(a) is the fixed point locus of 
the A-action, while is the set of points on which A acts freely, i.e., the regular points 
which form a dense open subset of B = [X/A]. The distinct sets X^ H ) depend only on 
the conjugacy class of H C A and give the strata of the stabilizer stratification of X; the 
corresponding quotients X(#)/A give the orbit stratification of the orbit space X/A with the 
factor topology. Then the orbit map X —y X/A is a stratified fiber bundle of coarse moduli 
spaces underlying the map of stacks X — > B which defines a principal A-bundle over B. A 
similar construction holds for stacks which are presentable as local quotient groupoids, i.e., 
as groupoids which admit a countable open cover {U/} such that the restriction to each Ui 
is Morita equivalent to an action groupoid Aj xUi=tUi [9]. 

Symmetric spaces. An important generalization of this last construction of stratified 
fiber bundles is to the case where A is replaced by a compact Lie group T. Then one can 
regard the covering projections X — y X/T as a collection of fiber bundles by the property 
that each orbit map Xpy) ~* Xp^/T, for H C T, is a smooth fiber bundle with fibers Y/H. 

This extension pertains in particular to the class of homogeneous Type II string backgnxmds 
given by (locally) symmetric spaces. For this, let G be a connected semisimple Lie group 
without compact factors. Let Y C G be a maximal compact subgroup, and let A C G be 
a cocompact torsion-free lattice. Then the contractible manifold X = G/T carries a G- 
invariant Riemannian metric and is a non-compact symmetric space. The discrete group A 
acts freely and properly on X via \ ■ (gY) := (A g) Y for A G A and g E G, and the closed 
manifold B = A\X is a compact locally symmetric space with the factor topology which is 
a model for the classifying stack FA = FA./A = [pt/A] of principal A-bundles with X = FA 
a model for the universal space for proper A-actions. If A has torsion, then the A-action on 
X need not be free since the isotropy subgroups are A x = (x _1 A x) fl Y for x E X (which 
are finite as they are discrete subgroups of the compact group T); in this instance B is a 
stratified space as above. Such backgrounds preserve more than half of the supersymmetry; 
backgrounds preserving a substantial amount of supersymmetry play a crucial role in string 
theory, particularly in gauge theory/gravity correspondences. 

Stability of hyperbolic orbifolds. In the case that G is a connected Lie group of real 
rank one and B = A\X = A\G/Y is a compact locally symmetric Riemannian manifold of 
dimension n with negative sectional curvature, the covering manifold X is a real hyperbolic 
space H n . We shall mostly focus on these spaces as they yield a class of backgrounds B which 
are potentially compatible with supersymmetry in our constructions to follow; in particular, 
as supergravity solutions they naturally arise as near-horizon geometries of branes. 

The n-dimensional real hyperbolic space can be represented as the symmetric space II" = 
G/Y, where G = SOi(n, 1) and F = SO(n ) is a maximal compact subgroup of G. They ad¬ 
mit Killing spinors ununniM, but they have infinite volume with respect to the Poincare 
metric and hence do not support field configurations with normalizable zero modes. On the 
other hand, consistent field theories can be obtained by taking backgrounds B with the topol¬ 
ogy of coset spaces H n / A, where A is a discrete subgroup of G acting isometrically on H n . 
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The question of whether such quotient spaces admit Killing spinors and preserve supersym¬ 
metry is addressed for some examples of finite volume hyperbolic spaces in JT4] . Moreover, a 
version of the gauge theory/gravity correspondence states that string theory (or M-theory) 
compactified on spaces of the form AdSd+i x (H n / A) x S k defines a d-dimensional conformal 
field theory with SO(k + 1) global symmetry. We mention three such particular cases of 
supergravity solutions from [33] which will be pertinent later on. Firstly, the 11-dimensional 
supergravity solution of the form AdS§ x (H 2 / A) x S ' 1 is dual to a d = 4 non-supersymmetric 
conformal field theory with SO (5) global symmetry group; it carries M5-brane charge and 
is expected to be related to the six-dimensional (2, 0) or (1, 0) superconformal field theo¬ 
ries. Secondly, the 11-dimensional supergravity solution AdS 4 x (H 3 / A) x S 4 has M5-brane 
charge, and thus its dual field theory is a d = 3 conformal field theory associated with 
the six-dimensional (2, 0) superconformal theory with an internal global symmetry group 
SO( 5). Thirdly, the Type I1B supergravity solution AdS 3 x (H 2 / A) x S 5 has D3-brane 
charge and it should be dual to some non-supersymmetric d = 2 conformal field theory re¬ 
lated to Af = 4 supersymmetric Yang-Mills theory in four dimensions; these models fall into 
the class of regular string compactihcations (modulo possible orbifold points) which have 
small of string corrections and are holographically dual to Af = 0 conformal field theories in 
four dimensions (111151116]. 

Various string backgnxmds can be presented by means of direct products of spaces containing 
real hyperbolic space forms as factors; for example the space forms AdS 3 x H 2 x H 2 x S' 4 
and AdS 2 x H 2 x H 3 x S 4 appear as solutions of 11-dimensional supergravity. However, 
it is easy to show that any connected locally Riemannian product M = H k x H l cannot 
leave any unbroken supersymmetry. For this, suppose that M admits a Killing spinor ip ^ 0 
with Killing number /1 3 0; then M is locally irreducible [T7j. Let £ and ij be (pullbacks to 
M of) vector fields on H k and H l respectively; then £ • ij = 0 and ij ■ £ = 0. The Killing 
spinor equations at each point of M then read as V^ip — y^£ • ip and similarly for V, ? , where 
4/i 2 = (n(n — 1)) 1 R and R is the scalar curvature (here n = k + l). Thus we have 

V)$= (Vf v.„ - V„ - V[^ v] )ip = p 2 [ 77 , £] • ip = 0 , 

and since R, 3 0 it follows that ip = 0, which is a contradiction. Other compactihcations 
can be obtained by replacing hyperbolic space forms H n by any Einstein space M of the 
same negative curvature and with Killing spinors; in fact, if M is a connected Riemannian 
Spin manifold admitting a non-trivial Killing spinor with non-zero Killing number, then 
M is an Einstein space mi In particular, one can consider ( H k x H 1 )/ A and ask if the 
orbifold by the discrete group A restores supersymmetry. But even if non-supersymmetric, 
these solutions are regular everywhere (being a direct product of Einstein spaces) and a' 
corrections can be made small for sufficiently large radius of the compact parts. Hence like 
the Type IIB supergravity backgrounds AdS 3 x H 2 x S 5 and AdS 2 x H 3 x S 5 of [T4j with D3- 
brane charge and constant dilaton, these spaces could still constitute consistent backgrounds 
for string compactihcation, and in particular for the construction of conformal held theories. 
In general a definitive statement about the stability of supergravity solutions requires study 
of the spectral properties of certain operators, which is largely undeveloped as of yet. 

Spaces stratified fibered over hyperbolic orbifolds. To address these stability issues, 
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we add more structure to this construction: to detect possible instabilities we consider the 
background B in suitable families which “probe” the structure of the orbifold. Following [5] 
Sect. 8], let B = B n D B n ~ l D ■ ■ ■ D B° be a closed finite hltration of the space B; then one 
obtains a stratification of B by setting B t := B l — B l ~ l for i — 0, 1,..., n, where B := 0. 
We will usually use a skeletal hltration whereby B l is the i-skeleton of a CW-decomposition of 
B ; then the strata Bi are the open i-simplices. A map p : X —> B is called a stratified system 
of fiber bundles on B if the restriction to each stratum p\ : p~ l {Bi) —y Bi is an ordinary hber 
bundle, and each term in the hltration B‘ is a p-neighborhood deformation retract subset of 
B. i.e., there exists a neighborhood of B l in B , with a continuous deformation into B that 
preserves all strata and is covered by a deformation of its hbers in A. In the case of string 
orbifolds, with the discrete group A acting ccllularly on X , the projection of the geometric 
realisation \B\ = E _A XaX to the second factor defines a stratihed system of hber bundles 
p : \B\ —> X/A [IB]; in this case there is a homotopy equivalence p” 1 (u) = B_A a for any 
simplex a of B — [X/A], 

Now let M be a closed connected Riemannian manifold with strictly negative sectional 
curvatures and let X 1 C X 2 C • • • be a sequence of connected compact smooth 

manifolds. Let A be a finite group acting on M freely via isometries and on each Xi via 
smooth maps; the action of A on dA need not be free. Assume moreover that the smooth 
embedding dA C dA +1 is both A-equivariant and j-connected, i.e., its homotopy groups 
vanish in degree < j. Let X°° = IJyLi with the direct limit topology. The induced action 
of A on X°° is free. Let A J be the orbit space of dA x M under the diagonal action of A, 
and set 

A 00 = lim X j . 
j 

Let B be the orbit space M/A and pj : X J —y B the map induced from the canonical 
projection of dA x M onto M. The set {pj}fL 1 is a collection of stratihed systems of hber 
bundles on B in the sense described above. For our ensuing applications we will have to 
define a homotopy class of maps p^ : X°° —y B\ in the following we write X,p for A 00 ,^ 
in order to simplify notation. 

Stratified string fields and branes. In Type II string theory on the hyperbolic orbifold 
background B, one needs to endow B with extra geometric data, such as a Spin structure; the 
manifold B admits Spin structures if and only if its first and second Stiefel-Whitney classes 
vanish. In what follows we shall analyse to what extent this is compatible with stability and 
the stratification structure of p : A — y B. In the worldsheet theory this is accomplished as 
follows. 

Definition 2.1 Let p : X —>• B be a collection of stratified fiber bundles over a hyperbolic 
orbifold. A Type II stratified string orbifold is a quadruple (S, 0; £, f ) consisting of a string 
field (j) : £ —> B, a stratified system of fiber bundles p : £ —> £ endowed with a Spin structure, 
and a stratum preserving lift of f> to an equivariant map (j) : £ —y X of the same homotopy 
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type such that the diagram of maps of stacks £ —> B 



( 2 . 2 ) 


commutes. 

Let us unpack Def. 12.11 As before, the string field 0 : £ —>■ B is an oriented principal A-bundle 
P —)■ £ and a A-equivariant map P —y M, and similarly 0 : £ —y X is a principal A-bundle 
P —y £ and a A-equivariant map P —> X°° x M; the pullback by p : £ —> £ induces 
a morphism of principal A-bundles p* : P —> P. If the stratification of the worldsheet 
is £ = ]J. £j, then commutativity of the diagram (j2.2[) implies the stratum preserving 
property 0(£*) = (p o 0 )(p ” 1 (£ i )) C £>*. The collection of all quadruples (£, 0; £, 0) forms 
a groupoid in the obvious way; they provide the worldsheet “probes” of the structure of the 
background B. 

In the particular instance where M involves hyperbolic space forms H n , supersymmetry (or 
more generally stability) of the background B and the brane charges it supports can be 
analysed as discussed above. In Sect. Q] we shall develop stability conditions for branes in 
these backgrounds. Our new impetus will be a modification of the usual spectral sequence 
extension problem by regarding B as the base of a stratified fiber bundle, which incorporates 
the stratifications 0 of open string fields from Def. 12.11 when the worldsheet £ has a boundary 
<9£ ^ 0; the existence of the equivariant lift 0 already constrains the homology of £. For 
this, we shall propose that branes in these backgrounds are classified by a suitable homology 
theory on the category of spaces with stratified systems of fiber bundles (in the sense of the 
Eilenberg-Steenrod axioms for homology). This is the spectral sheaf homology of Sect. [3] 
below which defines a functor of simplicial maps p : X — y B] we think of p as defining 
a “local coefficient system” over B and define the associated twisted homology, which has 
a concrete realization in terms of chain complexes. Amongst other features, we shall see 
that the resulting stability conditions play an important role in assessing the stability of the 
hyperbolic orbifold backgrounds discussed above. 


3 Quinn homology 

Homology loop spectra. We shall explain in some generality the homotopy theoretic 
approach to calculating the pertinent homology groups which arise in the following; see JTP] 
for further definitions and discussion. In this paper we shall always assume that the back¬ 
ground B is a simply connected finite-dimensional CW-complex. For the present discussion 
we assume for simplicity that B is compact, otherwise it should be replaced by its one-point 
compactihcation B + in all considerations below. Let B 0 be a subspace of B. Let S = {S i}iez 











be an arbitrary loop spectrum with canonical homotopy equivalences of based CW-spaces 
Si —> fiSi+i, where hi denotes the based loop space. 

Then the (generalized) homology groups for the finite CW-pair (B, Bq) with coefficients in 
S are defined for k e Z by [20] 


H k (B, B 0 ■ S) = lim 7T j+k ((B/B 0 ) A S,) , (3.1) 

3 

where the factor space X AY := X x Y/X V Y is the smash product of two spaces X and 
Y with base points xq and yo which is obtained from the product X x Y by collapsing the 
subspace (X x {t/ 0 }) U ({^o} x Y) to a single point. For the directed limit (13.ip (which is a 
categorical colimit in the category of spectra) one uses the map 

n j+k ((B/B 0 ) ASj) —> 7r j+k+1 ((B/B 0 ) A Sj+i) 

induced by the mapping £S j -A 9j+\ as the composition 

n j+k ((B/B 0 ) A Si) t r j+k+1 (£((B/B 0 ) A S i+1 )) (3.2) 


n j+k+1 ((B/B 0 ) AYSj) -> 7Tj +k+ i((B/Bo) A Sj+i) 

where for a space X the suspension YX is the space obtained from the product X x A 1 
by collapsing the subspaces X x {0} and X x {1} to single points, and we have used the 
continuous structure maps Sj ^Sj+i- 

One can alternatively define the homology groups H$(B,Bo]S) directly as the homotopy 
groups of a loop spectrum (B/Bq) <g) S by setting 

® S)i = lim W((B/B 0 ) A 5 l+j ) , 

3 

where the maps in the directed system are induced from the structure maps Si —> OSi+i of 
the loop spectrum S- 

In general the relation between homotopy and homology functors is very subtle, even though 
there are natural homomorphisms 'Xj(B) -A Hj(B ); for example, for j > 1 there is the 
Hurewicz homomorphism 7 Tj(B) —> Hj(B' 1 ’L). While the homology groups Hj(B) are rela¬ 
tively computable, the homotopy groups 7 Tj(B) are typically not as there is no analogue of 
the Mayer-Vietoris sequence that is implied by the Eilenberg-Steenrod axioms for homology 
theories. This means that the homology groups defined in this way are in general difficult 
to compute explicitly. 

Spectral sheaves. Following (21j let us consider a fiber bundle over B with section 








so that ttos = id#. The loop space f|g(9) over B is the space of maps F : B x A 1 —)• 9 which 
commute with the projection tt to B , and which coincide with the section s when restricted 
to B x {0} and B x {1}. Then ffg(9) is again a fiber bundle over B with section and the 
fibers of Ob(9) —> B are loop spaces of the fibers of 9 —> B. A spectral sheaf is a sequence 
of fiber bundles with section {S j}jez and morphisms ot 3 : 9j ^n(Sj+i)- For a subspace 
B 0 C B, these structure maps define maps [5] 

9j / l {B) U 7t -1 (Z3 0 ) ^4 n B (Sj+i) / s{B)U IT- 1 (Bo) — ► n(Sj + i/s(B)Uw- 1 (B 0 )) , 

where the second map is the inclusion of based loop spaces and s(B) U tt _1 (£> 0 ) is taken to 
the base point. Then there is a homology loop spectrum defined by 

Q k (B, Bo ; S) = lim Q j (9k +j / s(B) U tt~\B 0 )) , 

3 

and the Quinn homology groups QfiB,Bo] 9) are the homotopy groups of this spectrum [5]; 
the structure maps on Q k (B, B 0 ; S) are induced by those for 9- 

Spectral sequences. Let us now consider the Atiyah-Hirzebruch type spectral sequence 
with constant coefficients which is derived in [22]. For this, we note that any spectrum 9 has 
a natural j-connected cover 9^ —> 9- Applying this construction to the fibers of a spectral 
sheaf 9 —> B gives a sequence of spectral sheaves 

■■■4— 9 (J) t— S U+1) <— ••• (3.3) 

which we can regard as a hltration of 9- Applying the homotopy functor 7 Tjj to the filtra¬ 
tion (13.‘ill gives a spectral sequence which converges to the spectral sheaf homology Q$(B] 9)- 
The E 2 terms are given by 

= r 3 -S) 

because the fiber over B of 9^ +1 ^ —> 9^ is the spectral sheaf fLg J_2 ( K.{^j+i9, tt)); here 
K(—, jj) is the fiberwise Eilcnberg-MacLane spectrum functor from abelian groups to loop 
spectra which corepresents the homology functor, i.e., for any abelian group A one has 
Hi(B ; A) = 7 Ti(B A TC) for the spectrum ‘K = defined by taking TQ = Kf A, i). This 

functor will play an important role again in Sect. [5j 

In our specific applications to follow all spectra considered are those of Cech-type theories, 
and thus there are isomorphisms between homomorphisms in these theories. The homologies 
of these spectra with coefficients in sheaves are isomorphic in a unique way, and in particular 
all constructions for Cecil homology are in one-to-one correspondence with those of singular 
homology. Hence the differentials of the spectral sequences can be gleamed from those of 
singular homology. 


4 Branes in spaces stratified fibered over orbifolds 

Homology with stratified coefficients. Suppose that the background B is filtered 

by closed subsets B l C B l+X , i > 1. A stratified system of groups A over B consists of 
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neighborhoods Ui of the strata B, = B l — B l 1 . locally constant systems of groups A* := A(Ui) 
over Ui , and for each i > j a homomorphism Oij : Ai — >■ Aj over UiDUj such that if i> j > k 
then djk o Oij = Oik over Ui D Uj D Uk- 

Let S be a spectrum-valued homotopy invariant functor on the category of spaces, and let 
5(Y) be the stable topological pseudo-isotopy loop spectrum associated to a topological 
space Y ; a covariant functor 3 from spaces to spectra is homotopy invariant if a homotopy 
equivalence of spaces X = Y induces a homotopy equivalence of spectra S(X) = S(Y) |5j. 
Then to a stratified system of fiber bundles p : X —>■ B one can associate the Quinn homology 
loop spectrum Q(£>; S(p)) with twisted spectrum coefficients and a map of loop spectra 
Q(£>; 3 (p)) —> SPO, where 3 (p) is the spectral sheaf over B obtained by applying 3 to 
the fibers of p [5]. One can construct an Atiyah-Hirzebruch type spectral sequence in the 
following way (5, 23]. The homotopy groups T/S(p -1 (fr)) corres ponding to the point b G B 
form stratified systems of abelian groups over B } which we denote by 7TjS(p)- hr this case 
the filtration of B gives a (homological) spectral sequence with 

E\j = Hi(B; 7Tj9(p)) (4.1) 

which converges to the spectral sheaf homology groups Q i+ j(B; 3(p)) = iri+jQ{B\ 3(p)). In 
the case of string orbifolds, i.e., when the stratified system of fiber bundles is given by a 
group action as in Sect. EJ this spectral sequence agrees with that of [24]. In particular, in 
this instance the spectral sheaf homology is isomorphic to Bredon equivariant homology [TBJ 
which naturally realises stringy orbifold cohomology and stability conditions for fractional 
D-branes on orbifolds [25] . 

Let A be a stratified system of abelian groups over B. The homology groups Hj(B ; A) can be 
calculated as follows. A compact background B can be triangulated by a simplicial complex, 
which is a finite family of closed subsets {7)}” =0 which cover B together with a family of 
homeomorphisms c pj : A- 7 —)• 7} where each A J C is a Euclidean j-simplex; we assume 
that each stratum Tj is a subcomplex. Then a stratified system A restricted to each open 
simplex is a constant system of coefficients and 

H(B-,A) = ($H j {B;A) 

3> 0 


is the homology of the finite chain complex 

C q {B\ A) Ci(B; A) ^ ^ C n (B;A) , Cj(B; A) = ® A(a) , 

a&Tj 

where the simplicial boundary homomorphisms d 3 are dehned by decomposing a j-simplex 
cr G 7) into (j + 1)! simplices of smaller dimension; the vertices of the new simplices are the 
centers of gravity of the faces of the original simplex. 

Eq -terms. The Eq -terms in the spectral sequence (14.11) can be evaluated in the following 
manner. Let II be the extension of the fundamental group 7 t\(M) determined by the action 
of A on M; the group II is isomorphic to the factor group 7Ti(X)/7r 1 (A’ 00 ). Let 3^11) be the 
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category with objects the finite subgroups of II; for each element /3 € II we can determine a 
morphism B\ —y B 2 of objects of T(n) if /? B\ /3 _1 C B 2 . Then the Eq -terms are isomorphic 
to the direct limit 

Ki- Ita VjS(X°°/v (B)), (4.2) 

where p : II — y A is the canonical projection and X°°/p(B) are the corresponding orbit 
spaces. This isomorphism can be proven by using a basic result of E. Cartan [26]. 

Strongly virtually negatively curved groups. Let us choose a spectrum-valued 
functor of spaces S with homotopy groups TTiS(X) = A](ZA), where A := 7Ti(X). In the case 
when X°° is contractible one has isomorphisms [23J 

Ki(Z A) <g> Q = 0 Hj{B\ K^j{Z A b ) ® Q) , 

j>o 


where A b = iri(p 1 (b)) for b E B. Similarly, by choosing TTiS(X) = Whi(A) one has (23] 

Whi{ A) <g> Q = 0 Hj(B] Wh^A b ) ® Q) , 
j>o 


where the Whitehead groups Whi( A) are the homotopy groups of the cofiber of the map 
Q(B_A] DC(ZA)) —y 3C(ZA) between spectral sheaf homology and algebraic K-theory spectra. 
Here Whi_j(A b ) ® Q and K l _ ] (7jA h ) ® Q form stratified systems of abelian groups over B. 
We therefore say that a group A is strongly virtually negatively curved if it is isomorphic to 
the fundamental group 71 ^(X) when X°° is contractible. 

For example, any discrete cocompact subgroup A of G , where G is one of the connected non¬ 
compact simple split rank one Lie groups with finite center 0(n, 1), U(n, 1), Sp(n, 1), or F 4 , 
is strongly virtually negatively curved [23j. Let T C G be a maximal compact subgroup; then 
G/Y is an irreducible non-compact symmetric space of rank one which up to local isomor¬ 
phism can be represented as one of the quotients H n = SO\(n,l)/SO(n), SU(n,l)/U(n), 
(( Spin , 1)/Spin)) x *Sp(l), F^o)/Spin(9) of dimensions n, 2 n, 4n, 16 respectively. The dou¬ 
ble coset space B := A\G/Y is a locally symmetric space which is in particular a compact 
Riemannian manifold with fundamental group A. The algebraic K-theory of A can thus be 
calculated in terms of the stratified homology of B through the isomorphisms [23] 

Ki(ZA) ® Q = 0 Hj{B; V^) , (4.3) 

j> 0 

where V* is a stratified system of Q-vector spaces over B such that the vector space V,;(A g F) 
corresponding to the double coset AgT for g E G is isomorphic to Ki{ Z(A fl g T g ~ 1 )) ® Q; 
as previously Afl (gY g l ) is a finite subgroup of A because T is compact. 

Stability conditions for D-branes. Let us now analyse D-brane stability in this setting. 
We introduce D-branes into these backgrounds following the definitions and conventions 
of [27]. K-homology cycles encode data that must be carried by any D-brane, such as a 
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Spin c structure and a complex vector bundle. A D-brane on a background B of Type II 
string theory is specified by a triple (W,F,i}j), where W is a Spin c manifold regarded as a 
brane worldvolume, F is the Chan-Paton bundle on W with [F] G A'°(W) and ip : W —>■ B 
is a continuous map. D-brane charges can then be regarded as homology classes of K-cycles 
[W,F,ip\ G K$(B). The equivalence relation of vector bundle modification in K-homology 
identifies pairs of D-branes for which one is a spherical fiber bundle over the other, in 
accordance with our treatment of the target space B as the base of a system of fiber bundles. 

Any free brane (with no lower or higher brane charges) can wrap a homologically non¬ 
trivial cycle in B ; a D-brane [W, F,ip\ wraps Af C B if ip(W) C AT The Atiyah-Hirzebruch 
spectral sequence provides a mathematical algorithm that determines which homology classes 
lift non-trivially to K-homology classes, i.e., it determines which D-branes are unstable and 
not allowed; in this instance one chooses a spectrum-valued functor of spaces 3 such that 
S(X) is homotopy equivalent to the Bott spectrum X = {Xi} ie z defined by taking DC, to be 
the infinite unitary group U( oo) for i odd and Z x BU( oo) for i even. For other flavors of 
branes one could choose the loop spectrum 9(X) appropriate to the generalized homology 
theory which classifies those branes, although we shall see that D-branes (in the sense defined 
above) fit most naturally into the present framework. The spectral sequence keeps track of 
the possible obstructions for a homology cycle to survive to E°°, starting from Hi{B ; TTj 3(p)) 
in Eq. (14. lft : the initial terms are given in Eq. (I4.2[) . Given a brane wrapping a cycle in B 
and carrying a stratified system of groups (or local coefficient systems), we can ask if it is 
stable in the sense that it has a lift to a non-trivial class in the spectral sheaf homology 
Qjj(£>; S(p )) ■ We analyse this obstruction problem in the case that p : X —$■ B is simplicially 
stratified. 

The first term of the spectral sequence is the relative Quinn homology 



Q i+j (B\B i ~ 1 -, S(p)) , 


(4.4) 


where 3 (p) is the disjoint union of 9(p _1 (<7)) x a over all simplices a of B modulo the 
equivalence relation which identifies S(p _1 (<9jCr)) x djO with its image in S(p _1 (cr)) x a. Note 
that the natural projections S(p _1 (o')) XdGafit together to give a projection vr : S(p) —* B, 
while the basepoints of the pieces fit together to form sections Sj : B 9j(p) for each j G Z; 
the structure maps of the spectra 9(p _1 (c r )) also fit together to give structure maps on 3(p) 
that commute with the sections and projections, and hence 9 (p) is a spectral sheaf over B. 
The hrst differential 


d 1 • 

1,3 


E h 




is the composition of the simplicial boundary homomorphism di : Q l+] {B l . B l 1 ; 3(p)) —> 
Qi+j-^B 1 - 1 ; S(p)) with the pushforward k* : Q i+i _i(I3 i_1 ; S(p)) -x Q i+i _i(i3* _1 , B } ~ 2 ; S(p)) 
induced by the inclusion k : ( B 1-1 , 0) (B*” 1 , B l ~ 2 ). The group E}j parameterizes spectral 

sheaf homology classes on the i-skeleton of B which are trivial on the % — 1-skeleton; it 
classihes branes wrapping Acycles of the stratified system of fiber bundles p : X —x B which 
carry no lower or higher degree brane charges. Alternatively, using excision we may write 
the group (14.4p as the reduced homology 


Elj = Qi+j(Bi] 9(p)) := Q i+j (B u pt; 9 (p)) 
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which classifies branes on the z-th stratum Bi of p : X —» B which carry no lower charges; 
such branes further support ordinary fiber bundles p\ : p~ l {Bi) —y Bi in addition to their 
usual Chan-Paton vector bundle which generalizes the roles of image branes of “fractional 
branes” on the covering space of an orbifold. For the simplicial stratification, B, is a disjoint 
union of boundaries <9* a of simplicial cells a G 7), each of whose reduced homology can be 
computed using excision as the reduced homology of a sphere Q i+ j(S l ; S (p)) — Qj( pt; S(p)) = 
7i 'jS(p) PUJ- It then follows from the Eilenberg-Steenrod additivity axiom that the homology 
group (ED can be identified with the group of singular z-chains 

El^CiiB^^p)) . 


The second term of the spectral sequence is the homology of the differential d 1 and is given by 
Eq. (14.ip ; by our previous results we can compute this term from the spectral sheaf homology 
groups Qi(B; 3C(ZAb)) corresponding to algebraic K-theory, where up to conjugation each A& 
forms a sheaf of groups over B. On the r-th term EE, the differential d[ ? has bidegree 
(—r, r — 1) and E [+ 1 is the corresponding homology group. The E°° term is the inductive 
limit 


771QO 


ee . 


If n = dim(S), then EE = EE for all r > n and convergence of the spectral sequence means 
that there exists an ascending filtration S(p)) of Q m (B; S(p)), with 0 < m < n, 

such that 

F tJ Q t+j (B;9(p))/F t _ 1J+1 Q t+J (B;9(p)) = EE. (4.5) 

If i : B l B denotes the inclusion of the z-skeleton in B. then the filtration groups 


F ijQi+j(B] 9(p)) = hn (i* : Q i+j (B l ; S(p)) ->■ Qi+j{E ; S(p))) (4.6) 


consist of branes in B wrapping cycles supported in the i-skeleton, whereas the extension 
groups (14.51) consist of branes in the i-skeleton which are not supported on the i — 1-skeleton, 
i.e., EE consists of i — 1-branes which carry no lower brane charges. 

Let A4 C B be a compact i-dimensional submanifold without boundary in p : X — > B which 
defines a non-trivial cycle [A4] G Efj in Eq. (14.11) . In the case that [A4] extends through 
the spectral sequence as a non-trivial element of EE and hence has a non-trivial lift to K- 
homology, there exists a stable D-brane [W, F, ijj] wrapping A4 on the i-skeleton of B which 
carries no lower brane charges, i.e., ijjiyV) C B l . As the homotopy groups 7rj9(p _1 (^)) form 
stratified systems of groups 7 TjS(p) over the background B, D-branes wrapping spaces strat¬ 
ified fibered over hyperbolic orbifolds carry charges which induce new additive structures 
on K-homology due to the stratification from EE in the solution of the extension prob¬ 
lem required to get the filtration groups (14.6|) . Cycles with [A4] ^ ker(d[ ■) correspond to 
anomolous D-branes, while if [M] G im(d[ ■) for some r then the homology class [A4] can be 
lifted to K-homology but this lift is trivial as it vanishes in EE: In this case there exists a 
D-brane wrapping M. in the i-th stratum B, with no lower brane charges, but this D-brane 
is unstable. 
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Examples. (i) Recalling that the differentials can be gleamed from singular homology 
(cf. Sect. [3]), it follows that d[j = 0 for all r even [28] and the first non-trivial condition for 
a homology class [A4] G A 2 0 to survive to E°° 0 is given by 

d?,„[M] = 0 . (4.7) 

This includes the Poincare dual of the condition that the normal bundle NM. to A4 in B 
is a Spin c vector bundle [28], i.e., that W 3 (NM ) = 0, where W 3 (NM ) G Ef 3 (M;Z) is 
the canonical integral lift of the third Stiefel-Whitney class w 3 (NM.) G H 3 ( A4;Z 2 ) of NM. 
which is the torsion class defined as W 3 (NM.) = /3(w 2 (NM.)), where j3 : A 2 (.M;Z 2 ) —>■ 
H 3 (M] Z) is the Bockstein homomorphism. Applying the condition (14.71) to a D-brane 
[W, F, ij>] wrapping A4 requires the normal bundle for the tangent bundle TW with respect 
to the map ijj : W —* B to be Spin c ; this is the real vector bundle NW —> W such that 
TW © NW is isomorphic to the pullback by ^ of a Spin c vector bundle over B (recall 
that W is already a Spin c manifold, i.e., a Spin c lift of TW exists). Such a choice of K- 
orientation plays a crucial role in determining the amount of supersymmetry which persists 
in the hyperbolic orbifold backgrounds of Sect. [ 2 } 

(ii) We can give a novel class of examples of unstable backgrounds which illustrates the 
destabilizing effects of the additional local fiber bundles over the strata of the hyperbolic orb¬ 
ifold B. Let S (B]p) be the homotopy cofiber of the map □(£?; Q(p)) —>• S(W) in the category 
of spectra, which is also a loop spectrum. For each of the stratified systems of fiber bundles 
p : X —>■ B there is a homotopy equivalence of loop spectra 9{X) = Q(£>; 9 (p)) x 9(B;p), 
which is compatible with the Atiyah-Hirzebruch type spectral sequence (14.11) . Suppose that a 
stratified system of fiber bundles p : X —>■ B extends through the spectral sequence as a non¬ 
trivial element of the homology groups Efj. Then one can calculate the rational K-groups 
via [23] Thm. 2], which asserts that if A°° is aspherical with W7ij(x S' 1 )) ©Q = 0 for 
all i G Z, then 9{B;p)® Q = 0. Hence the stratified system of fiber bundles extends through 
the spectral sequence as a non-trivial element of the homology groups, but if the homology 
is torsion-free it vanishes in E°° and thus has a trivial lift to K-homology. In this case there 
exists a D-brane wrapping H, but this D-brane is unstable. 

(iii) For strongly virtually negatively curved groups A, the groups A b = 714 (p _ 1 ( 6 )) for b G B 
are finite because they are isomorphic to subgroups of A. As a consequence one can use the 
wealth of results available for the algebraic K-theory of finite groups [221 SH] to formulate 
stability conditions for D-branes wrapping homology cycles. For example, if A is strongly 
virtually negatively curved then A" n (ZA) = 0 for all n < — 1, whereas 

Ar_i(ZA) = lirn AAi(ZT) 

LG5( A) 

is an abelian group finitely generated by the images of A"_i(ZT), as L varies over the finite 
subgroups of A, under the map functorially induced by the inclusion of L into A. 

(iv) Let A C G be a discrete cocompact torsion-free subgroup as above, and Y C G a 
maximal compact subgroup; let X = G/Y. In this case we can use the orbifold stratified 
fiber bundle p : X —> B to make the corresponding K-homology classes of D-branes on 
B = [A\X] explicit. Given a finite-dimensional unitary representation p of the fundamental 
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group A there corresponds a locally homogeneous Chan-Paton vector bundle £ p = A\(X x V p ) 
over B , where the fiber V p of £ p is the representation space of p and the A-action on X x V p 
is defined by A • ( x , v) := (A • x, p{ A) v ) for (A, x, v) E A x X x V p . In the case that X admits 
a G-invariant Spin c structure, let 2) p be the Dirac operator of B acting on smooth sections 
of the homogeneous spinor bundle S over B twisted by the vector bundle £ p \ it is obtained 
by projecting the Dirac operator T> of X (which is G-invariant and hence A-invariant) to B. 
As we discuss in Sect. O this defines an analytic K-homology class of B. The properties of 
this Dirac operator can be studied by using the spherical harmonic analysis on the rank one 
symmetric space X developed by plj [32, 33j using Harish-Chandra’s Plancherel density. 


5 Inclusion of H -flux 

5-fields and twisted K-theory. In the presence of a Neveu-Schwarz 5-field whose 
curvature H represents a non-trivial element [ H] G 5 3 (£>; Z), the Chan-Paton vector bundles 
on D-branes should be replaced by suitable “twisted” gauge bundles. Recall (Mj that a 
twisted bundle Ph —> B is given by a collection of locally defined bundles of Hilbert spaces 
E t —>■ Ui such that Pr\ v = P(5j) with respect to an open cover {[/*} of the background B. 
The gluing functions between charts are realised by isomorphisms 

: Ei \uinUj E j\u ir Uj ■ 

On triple overlaps Ui D Uj fl U k the composition g,j o gj k o g ki is multiplication by a function 
fijk '■ Ui 0 Uj D U k —> U{ 1); this data is equivalent to a lift, : Ui 0 Uj —> U{l-i) of 
the PU (5)-valued one-cocycle g tJ : Ui 0 Uj —$■ PU(H ) of the bundle Pr —> B, where 
PU (' H ) = U(%) jU (1) is the group of projective unitary operators with the topology induced 
by the norm topology on the unitary group U(P) of an infinite-dimensional separable Hilbert 
space TL. The collection {fijk} satisfies the 17(1) cocycle condition fijk ffid fku fuj = 1 on 
quadruple overlaps Ui fl Uj fl U k fl Ui, and hence they define an integral Cecil cocyle 

Kjkl = 2PI ( lo S fijk ~ log fjkl + log flij ) 

with Cecil cohomology class [{A^}] = [H] e 77 3 (H;Z). In particular, on double overlaps 
the Hilbert bundles 5* and Ej differ by a line bundle L,j —y Ui fl Uj with an isomorphism 

Lij <g> Lj k — L ik 

on Ui D Uj D U k given by multiplication with fij k . The set of line bundles {} is called a 
bundle gerbe; the twisted Chan-Paton bundles can then be regarded as bundle gerbe modules 
associated to { L y} and the D-brane charges take values in the twisted K-theory defined as 
the Grothendieck group of the additive category of lifting bundle gerbe modules [35] . 

In this setting the 5-field can be described as a connection on a 1-gerbe whose Dixmier- 
Douady class is [H], i.e., as a set of two-forms 5* on Ui satisfying the gluing conditions 

Bj — Bi~ T^Tj- d Aij 
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on Ui D Uj, where A tJ is a connection on the line bundle L l3 satisfying 

Aij T Ajk T -Afcj d log fijk 

on Ui D Uj fl £4; the collection of one-forms {Aij} specifies a set of connections V,; on the 
Hilbert bundles Ei —y Ui with the gluing rules 

I UitiUj = Aij + Vj | UinU , , 

which defines a connection V on the twisted bundle P# —y B representing the P-£eld back¬ 
ground (B,B). The P-flux is given locally by H\ = dP, and thus has integral periods 
on B. 

These constructions all carry over to string orbifolds B by considering bundles on stacks, 
or equivalently on a presentation of B by a groupoid Q = (Q\ =1 Q 0 ) (cf. Sect. [2]). A B- 
held on a groupoid Q is a morphism of groupoids g : Q —> PU(7i) with respect to an open 
covering {Ui], where here the group P£/(P) is regarded as a groupoid PU(H) =4 {1}. For 
local quotient groupoids, twisted K-theory is defined in [9] in terms of bundles of Fredholm 
operators associated with such a twisted bundle of Hilbert spaces. 

K-cycles and global anomaly cancellation. The corresponding twisted K-homology 

cycles (W, P, 0) encode the necessary data that must be carried by any D-brane in an P-flux 
background in order to fulfill the Freed-Witten anomaly cancellation conditions [36], such as 
an P-twisted Spin c structure and an ordinary complex vector bundle with [ F] € P°(W) [37] . 
Cancellation of global worldsheet anomalies in the string theory sigma-model requires 

W 3 (iVW)+0*[P] = 0 (5.1) 

in P 3 (W; Z); the integral lift W 3 (NW) is the obstruction to the existence of a Spin c structure 
on the stabilized normal bundle iVIV over the worldvolume W. This is a necessary condition 
for the homology class ^*[W] to lift to twisted K-homology; twisted Spin c structures (15.ip 
are classified topologically by the integral cohomology P 2 (W;Z). To determine if a D- 
brane wrapping a non-representable cycle W carries K-theory charge, one must analyse 
the worldsheet open string theory, impose boundary conditions corresponding to a singular 
representative of the cycle, and then check for inconsistencies such as a failure of BRST 
invariance. Further instabilities can arise if there is a cycle -0' : W —> B such that W is a 
codimension three submanifold of W satisfying the equation [38] 

W 3 (NW) +0'*[P] = Pd w ,(W) , (5.2) 

where Pdyv'(W) is the Poincare dual class of [W] in P 3 (W / ;Z). 

The original proposal of |39] 001 SI] asserted that D-brane charges in Type IIB string theory 
in a non-trivial P-held background are classified by the twisted K-theory of Rosenberg [J2] ; 
in this framework the twisted bundles on the D-brane worldvolumes are bundles of Hilbert 
spaces associated with the infinite-dimensional locally trivial C'*-algebra bundle of compact 
operators Pff(/C) := Ph Xpu(H) where 

K, = lim M n ( C) 
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with the limit taken in the C'*-norrn topology on the n x n matrix algebra M n ( C). For our 
purposes we shall work mostly with the analytic formulation of K-homology as it is this 
version that is related to the definition of a twisted analogue of K-groups and the Kasparov 
map, which will allow us to use K-amenability results for Eilenberg-MacLane spaces. 

Hyperbolic orbifolds. String backgrounds with hyperbolic orbifold factors become 
particularly important in the presence of non-vanishing H- flux. For example, solutions with 
brane charges can be found in a conformal field theory for the upper half three-space H 3 
which is constructed as a WZW sigma-model based on the coset SL(2,C)/SU(2). One can 
start with a brane solution with flux on H 3 which is a formal analog of the NS5-brane solu¬ 
tion whereby the three-sphere is replaced by a hyperbolic space; its near-horizon geometry 
describes the background AdS 3 x S 3 x H 3 x S 1 with a linear dilaton in the time direction [14]. 
Such a construction leads to a 5-field with imaginary components, but using S-duality it 
can be converted into a Ramond-Ramond two-form field with imaginary components which 
leads to a solution of Type IIB* supergravity. As a result the conformal sigma-model is an 
exact solution of Type II string theory to all orders in the a'-expansion. Using U-duality one 
can also construct different D-brane solutions with time dependence; in order to accomodate 
a finite flux, the space H 3 should be replaced with a finite volume orbifold H 3 / A. 

In a manner akin to our ensuing analysis, a more algebraic perspective on these solutions 
starts with the observation that the class of Euclidean AdS 3 spaces we have considered here 
and in Sect. [2] are quotients of the real hyperbolic space H 3 by a Schottky group, whose 
boundaries are compact oriented surfaces with conformal structure. I 11 a similar vein the 
boundary of the hyperbolic plane H 2 at infinity is RP 1 , and its global quotient by a finite 
index subgroup A of G = PSL( 2, Z) is a modular curve B = H 2 /A which can be presented 
as the quotient B = ( H 2 x G/A)/G\ the degree one homology classes of B can be regarded 
as classes in the cyclic cohomology of its noncommutative boundary which is the crossed 
product C'*-algebra (^(RP 1 x Gj A) x G and is Morita equivalent to (^(RP 1 ) x A [43]. More 
generally, let X be a symmetric space of a real rank one semisimple Lie group, and let A C G 
be a discrete torsion-free subgroup; then the geodesic boundary of X has a A-equivariant 
decomposition dX = HaUAqo where Aoo is the limit set of A, while the geometric boundary 
of the Poincare half-space H n is R” _ . If A is convex cocompact (i.e., X/AuHa is a compact 
manifold with boundary) then the orbit space B = H n / A can be regarded as the interior of 
a compact manifold with boundary, the Klein manifold B U (Q\/A), so that its geometric 
boundary at infinity is 42 a/A; see [44] for further details. 

Kasparov theory. Recall [45] that the reduced topological K-theory of the background B 
can be defined as the K-theory K^(B) = iT,(C 0 (£>)), j = 0,1 of the commutative (7*-algebra 
C 0 (B) of continuous complex-valued functions which vanish at infinity on B. The definition 
of K-homology involves classifying extensions of Cq{B) by the algebra of compact operators 
/C up to unitary equivalence [46]. The set of homotopy classes of operators defines the K- 
homology group K 0 (B), and the duality with K-theory is provided by the natural bilinear 
index pairing ([£], [2)]) 1 —> IndexlDg E Z, where [£} E K°(B) and 2U denotes the action of 
the Fredholm operator 2) on the Hilbert space H = L 2 (B,£) of square-integrable sections 
of the vector bundle £ —> B. If B is a Spin c manifold then there is a Poincare duality 
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isomorphism between compactly supported K-theory and K-homology groups m- 

In this context the KK-pairing appears to be the most natural framework. The group 
KK 9 (A, B ) is a bivariant version of K-theory which depends on a pair of algebras A and B ; 
it defines a homotopy invariant bifunctor from the category of separable G*-algebras to the 
category of abelian groups which depends contravariantly on the algebra A and covariantly 
on the algebra B. It interpolates between K-theory and K-homology in the sense that 
KK»(A = C,B) = K 9 (B) is the K-theory of B while KK*(A,B = C) = K\A) is the K- 
homology of A. Kasparov’s analytic K-homology KK^(Cq(B), C) is generated by unitary 
equivalence classes of (graded) Fredholm modules over G 0 (£>) modulo an operator homotopy 
relation. See [48, 49] for a description of Kasparov’s pairing <8>o : KK(A, D ) x KK(D, B ) —* 
KK(A,B) and its properties. Applications of KK-theory to the classification of D-branes 
can be found in e.g. p2H ED, EE]- 

In the presence of a non-trivial //-held, the K-homology can be defined analogously via 
the KK-groups of the noncommutative G*-algebra G 0 (B, Ph(JC)) of sections vanishing at 
infinity of the associated bundle of compact operators P#(/C). By identifying the Cecil 
homology of B with its singular homology, this is the unique (up to isomorphism) stable 
separable complex continuous trace C'*-algebra with spectrum B and Dburner-Douady class 
[H] G H 3 (B; Z) HZUM]. 

For a stack B with groupoid presentation Q = (Gi =4 Go), it is convenient to work with a 
more algebraic definition [52] . For this, we pullback the central extension of groups 

1 —»• 1/(1) —»• U(H) —>• PU(H) —> 1 

by the P-held g : Q —> PU(V.) to get a central extension of the groupoid Q which is a principal 
U (l)-bundle Gh —> G of groupoids with the same objects Go', for a global quotient stack [Af/A] 
the gerbe is defined by a central extension 1/(1) —> Ah A and the projection pr induces a 
map [X/Ah] —> [X/X\. Upon choosing a suitable Haar system on the groupoid, the twisted 
K-theory can be equivalently computed as the algebraic K-theory of the twisted groupoid 
C'*-algebra of Q defined as the subalgebra of f/(l)-invariants of the convolution groupoid 
C'*-algebra C*(Gh ) [52] . Equivalently, as the gerbe associates a multiplier ( e H 2 (Gi, C/(l)) 
on composable arrows, this algebra can be explicitly described as the twisted convolution 
C*-algebra C*(G,C) °f U ie groupoid G', the two-cocycle ( : Q 2 —^► 17(1) represents a class in 
H 2 (B ; U(l)) = H 3 (B ; Z) and we denote the corresponding //-flux by [H^]. A suitable variant 
of KK-theory in this setting is also defined by [52]. 

K-amenable groups. Let A, B be unital algebras for which there are elements a <E 
KK(A (g) B, C), f3 G KK(C, A® B) with the property f5 (g)^ a = lg G KK(B , B), a <g) b (3 = 
1 a G KK(A,A). Then the algebras A, B have canonically isomorphic K-theory and K- 
homology, and are said to be KK-equivalent [51]. The notion of KK-equivalence can be 
used to introduce the concept of K-amenable groups. As before, let G be a connected Lie 
group and Y a maximal compact subgroup; we further assume that the symmetric space 
X = G/Y has even dimension and admits a G-invariant Spin c structure. The G-invariant 
Dirac operator D on X is a first order self-adjoint elliptic differential operator acting on 
L 2 -sections of the Z 2 -graded homogeneous bundle of spinors S. Consider the zeroth order 
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pseudo-differential operator V = £> (1 + ID 2 )" 1 / 2 acting on Ti = L 2 (X, S). The algebra 
Co(X ) acts on TL by multiplication operators. The group G acts on Co (A") and Li by left 
translation, and T> is G-invariant. Then the Fredholm module over Go(Af) defines a 

canonical Dirac element ac E KKg(Co(X), C), where KKg(A, B) := KK(A x G, B x G) 
for algebras A and B which admit an action of G by automorphisms. Kasparov shows [48] 
that there is a canonical Mishchenko element Pg E KKg(C, Co(Af)) with the intersection 
products 

«g Pg = lc 0 (v) E KKg(C 0 (X), C 0 (X)) , 

and 

Pg ®c 0 (x) «g = 7g e KK g ( C, C) 

where 7 g is an idempotent element in A7 Cj(C,C). For a semisimple Lie group G or for 
G = M n , a construction of the Mishchenko element Pg can be found in [53]. If the group 
G is amenable, then jg — 1- All solvable groups are amenable, while any non-compact 
semisimple Lie group is non-amenable. We therefore say that a Lie group G is K-amenable 

if 7 G = L 

Proposition 5.3 (a) Any amenable Lie group is K-amenable, and in particular any solv¬ 

able Lie group is K-amenable. 

(b) The non-amenable groups SO 0 (n, 1) and SU[n , 1) are K-amenable Lie groups [541 [55] . 

(c) The class of K-amenable groups is dosed under the operations of taking subgroups, and 
of direct and semidirect products [56]. 


Example: K-amenability in four dimensions. The problem of classifying geome¬ 
tries is one of the central problems in mathematics which also plays a fundamental role in 
constructing physical models. Every one-dimensional manifold is either S 1 (closed) or M 
(open), with a unique topological piecewise linear smooth structure and orientation. All 
complex curves of genus zero can be uniformized by rational functions, all those of genus 
one can be uniformized by elliptic functions, and all those of genus larger than one can be 
uniformized by meromorphic functions defined on proper open subsets of C. A complete 
solution to the uniformization problem in higher dimensions has not yet been achieved. In 
three dimensions, the famous list of Thurston’s eight locally homogeneous spaces EH can 
be organized into compact stabilizer subgroups Tf, of b E B which are isomorphic to either 
50(3), 50(2) or the trivial group; in the locally symmetric cases the isometry groups are 
all K-amenable [53] • The analogous list of four-geometries (with connected isometry groups) 
can also be organized as in Tab. 1 |5£[[49]. Here we have the four irreducible four-dimensional 
Riemannian symmetric spaces: sphere 5 4 , hyperbolic space // ', complex projective space 
CP 2 and complex hyperbolic space CP 2 , the nilpotent and solvable Lie groups (including 
Solfim = Sol 3 x M), and the space F 4 with isometry group M 2 xi PSL( 2,M). 

Corollary 5.4 The isometry groups G of the locally symmetric backgrounds B = A\X listed 
in Tab. 1 are all K-amenable. 
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Table 1. Four-geometries 


Stabilizer subgroup Y 

Background B = A \ G/T 

50(4) 

5 4 , M 4 , H A 

1/(2) 

CP 2 , CH 2 

50(2) x 50(2) 

S 2 x M 2 , 5 2 x 5 2 , S 2 x H 2 , H 2 x M 2 , H 2 x H 2 

50(3) 

5 3 x M, H 3 x M 

50(2) 

Nil 3 x M, PSL{ 2,M) x M, Sol 4 

0(1) 

F 4 

trivial 

Nil\ SoC,„, Sol ? 


To establish this result we need to prove that 70 = 1 for each of the four-geometries occuring 
in Tab. 1. Let us consider just a few representative examples, see [49] for further details: 

- G = M 4 xi 50(4), A = M 4 : By Prop. 15.31 7 G = 1 since M 4 and 50(4) are amenable, 
and so is their semidirect product. 

- G = 5O 0 (4, 1 ), X = H 4 : ye = 1 by Prop. EH 

- G = 51/(3), X = CP 2 ^ G(3)/(G(1) x U (2)) = 5G(3)/5(C(1) x 0(2)): 7g = 1 by 
Prop. 15.31 

X — C H 2 : The four-geometry C H 2 is a Kahlerian symmetric space and carries a 
complex structure, hence jc — b 

X = H 2 x M. 2 ,H ' 2 x H 2 , H 3 x M: By Prop. 15.31 one has y G = 1 since these isometry 
groups are direct products of K-amenable groups. 


Twisted K-groups. Let A be an algebra admitting an action of a lattice A C G by 
automorphisms. The crossed product algebra (A ® Cq(X)) x A is Morita equivalent to the 
algebra Cq(13,S) of continuous sections vanishing at infinity of the flat A-bundle defined by 
the quotient S A \ (A" x A) — y B with the diagonal action of A on X x A [53] • One has 
the following version of the Thom isomorphism theorem for the K-theory of C**-algebras. 

Theorem 5.5 [48j If G is K-amenable, then (A x A) ® Co (A) and (A ® Co (A)) x A have 
the same K-theory. 

It follows that when G is K-amenable, the algebras (A x A) <g)Co(A) and Co(£>,5) have the 
same K-theory so that 

A # (C 0 (5;5)) = AVdi m po(AxA) . 
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Let ( G H 2 ( A; C/(l)) be a multiplier on A, i.e., a normalized 17(1)-valued group two-cocycle 
on A. 

Theorem 5.6 [53j If G is K-amenable, then 

K$(C*(A, 0) = K : ~ (Vun(X} {B- [77 c ]) , (5.7) 

where K^(B, [T/^]) is the twisted K-theory of the continuous trace C*-algebra Cq{B, Ph c (X)) 
with Dixmier-Douady invariant [77^] e 77 3 (£>; HI). 

To better understand this result, first suppose that A = C with A acting trivially. When 
= 1, Thm. 15.51 implies that the algebras (C x A) < 8 ) G 0 (X) and C 0 (B, £) have the same 
K-theory, where £ is the trivial complex line bundle over B; it follows that K$(C*(A)) = 
Rt+ dim(x)^), ^ ow SU pp OS e that ( E 77 2 (A; f/(l)). If G is K-amenable, then Thm. 15.51 
and the Packer-Raeburn stabilization trick j59j imply that (A A) < 8 ) Cq(X) and Cq(B, £f) 
have the same K-theory, where £( A \ (W x (A ( 8 ) /C))/A —$■ B with /C the algebra of 
compact operators. Since by definition the twisted K-theory K\B, [77^]) is the K-theory of 
the continuous trace (7*-algebra Cq{B, £ 7 ), Eq. (15.7p thus follows. We may regard this result 
as saying that twisted D-brane charges in the 77-flux background are the same as those of 
D-branes in a noncommutative deformation of the locally symmetric space B induced by a 
generating R-held. 

Examples. (i) General theorems regarding the K-groups of G'*-algebras are obtained 
in [6Q1EI:, 62], while the analysis of Baum-Connes type conjectures concerning the K-theories 
of twisted group C*-algebras is carried out in [63j [64]. Collecting these results in the generic 
case one finds K$(C*(Z n , ()) — T7jj(C*(Z n )) — K^(T n ) for any multiplier ( on Z n . The 
twisted group C *-algebras C*(Z n ,Q are the well-known noncommutative n-tori. 

(ii) When A = A 9 is the fundamental group of a Riemann surface T, g of genus g > 
0, the Dixmier-Douady class [77^] is trivial and we get [53] K 0 (C*(A g , ()) = A'°(E g ) = 
Z 2 , Ki(C*(A g X)) — A' 1 (S 9 ) = Z 2g for any multiplier ( on A g . The twisted group C*- 
algebra C*(A g ,() is called a noncommutative Riemann surface. 

(iii) Since the symmetric space X = G/T is contractible and the group A acts freely on X, 
one has 77,(A;A) = Hi{B;A) and TP(A;A) = H l (B;A ) for any trivial A-module A where 
the groups on the left-hand sides are Eilenberg-MacLane homology and cohomology groups. 
As an explicit example, let G = M”, A = Z n , and T = {0}. In this case B = A\G/T = T n is 
an n-torus with 

77j(T n ; Z) = TP(T n ; Z) = H l (Z n ; Z) = z(*) . 

Then for j — 0,1 one has 

LfJ LfJ 

Kj(T n ) = K j (T n ) = 0 H 2i+j (T n ; Z) = JJ z(«+i) = Z 2 " -1 . 

i =0 i =0 

The power 2 n ~ 1 gives the expected multiplicity of brane charges arising from wrapping all 
higher stable D-branes on various cycles of the torus T n [65] . 
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Eilenberg-MacLane spectrum functor. One of the main results of [53] says that 
for lattices in K-amenable Lie groups the reduced and unreduced twisted group C'*-algebras 
have canonically isomorphic K-theory. If £ G H 2 (A,U(1)) is a multiplier on a lattice A in 
a K-amenable Lie group G, then the canonical morphism C*(A,() —y C*( A, £) induces an 
isomorphism 

K t (C*(AX))~K t (C* r (AX)). 

If moreover dim (AT) = 3 and A is a uniform lattice in G, then for j = 0,1 one has 

K,(cr r ( A,0) = ^(C r *(A)) = K»\B) . (5.8) 

To show this, we use Thm. 15.61 to get Kj(C*(A)) = K' J+(hrn ^ X) (B) for j = 0,1. By the 
Packer-Raeburn stabilization trick [59] , C*(A,() is Morita equivalent to /C x A and since G 
is K-amenable (1C xi A) ® Co(X) is Morita equivalent to Co(B,£^), where as before £q is a 
locally trivial bundle of C'*-algebras over B with hber 1C. The Dixmier-Douady invariant 
is an element [H^\ G H 3 (B;7j) = H 3 ( A; Z) . If B is not orientable, then H 3 (B;7j) = {0}; 
therefore [H^] = 0 and Eq. (15.8p holds. On the other hand, when B is orientable one has 
H 3 (B ; Z) = Z but [H^] = 0 for all ( G H 2 ( A, U (1)) [53], and so C 0 (B, £$) is Morita equivalent 
to C 0 (£>); in this case we have again Eq. fl5.8[) . 

Let K_(A,n) be an Eilenberg-MacLane space, i.e., the unique space (up to homotopy) whose 
homotopy groups are 7r m (if(A, n)) — 0 for all m ^ n and 7r n ( 7y(A, n)) = A; for example one 
has iL(Z n , 1) = T n and K_( Z, 2) = CP°° = 517(1) is the classifying space of I/(l)-bundles, 
while K_( Z, 2) = PU(H) and K_( Z, 3) = BPU(1-L) is the classifying space of twisted bundles. 
The spaces {K_( A,n)} n > 0 fit together via the loop space functor to form the Eilenberg- 
MacLane spectrum 


••• K(A,n) G—— K(A,n+l) G—— • • • 

which we can regard as a functor from the category of abelian groups to the category of loop 
spectra. 

Any compact connected locally symmetric background B is an Eilenberg-MacLane space 
K_( A, 1 ). Conversely, if K_( A, 1 ) is a locally symmetric manifold then it is of the form A\G/T 
where G is a connected Lie group, T is a maximal compact subgroup of G and A is a uniform 
lattice in G. In [53] it is conjectured that Eq. (15. 8 p is still valid without the assumption of 
local symmetry: If B is a connected compact three-manifold which is an Eilenberg-MacLane 
space with fundamental group A, then for any multiplier ( G H 2 (A,U(1)) on A one has 
isomorphisms Kj(C*( A, ()) = Kj(C*( A)) = K j+1 (B) for j = 0,1. This statement is extended 
to the four-manifolds of Tab. 1 in [42]. 

Brane stability conditions. The problem of stability of the supergravity solutions 
discussed above can be embedded into the framework of Sect. [H Given a stratified system 
of hber bundles p : X B over a hyperbolic orbifold which supports a non-trivial 5-Leld 
Ph —> B , one can repeat the topological classification of stable branes in terms of Quinn 
homology groups Qi(B\ 9(p)) by using spectra suitable to the appropriate twisted homology 
theory; in this case we assume that B can be covered by suitable neighborhoods 17 of the 
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strata B t . For D-branes, we identify the Bott spectrum % with the iterated loop spectrum 
of the space of Fredholm operators and choose a spectrum-valued functor of spaces 9 such 
that 9 (AT) is homotopy equivalent to the loop spectrum which is the pullback by p of the 
associated bundle of K-homology spectra Ph(0C) := Ph Xpu(H) 3C In this case anomaly 
cancellation (15.11) and instability (I5.2[) are consistent as before with the homology of the 
differential d? 0 in the spectral sequence extension problem J38], but unfortunately not very 
much is known about the higher differentials in general. Other branes can be obtained by 
duality. 

A somewhat simpler analysis can be carried out using Eilenberg-MacLane spaces. If A is a 
stratified system of abelian groups over B D B l D D ■ ■ ■ as in Sect. SI we can apply 
the Eilenberg-MacLane spectrum functor to its fibers. For each b G B with b G B l this gives 
fiber bundles 

K(A(b),n) —> K(A,n ) —> U t . 

The homomorphisms 6 t j : A, —y Aj define fiber maps over Ui D U 3 which can be used to 
define a topology on the disjoint union K_(A,ri) := ]J i>1 AT(Aj,n). Applying the Eilenberg- 
Steenrod additivity axiom to any sequence of homology functors H n gives 

ff»(S4«)) = ® H,(K(A h n)) . 

i> 1 

If each B l is an absolute neighborhood retract (i.e., B l has a neighborhood which retracts it 
when embedded as a closed subspace of a normal space), then K_(A,n) —$■ B is a stratified 
system of fiber bundles which fit together to give a spectral sheaf 9 a over B. The correspond¬ 
ing homology spectrum is denoted Q(B; A) := Q(B; 9 a), and as before the Quinn homology 
groups are computed from the homotopy of this spectrum as Qj(B ; A) = 7 t,Q(£>; A). 

By Sect.[3]these homology groups may be computed from an Atiyah-Hirzebruch type spectral 
sequence with E 2 term 

E h = ®^.(B;^(S a )). 

fc>] 

As in Sect. SI if K_(A,n) extends through this spectral sequence as a non-trivial element 
of all homology groups, then it can pass to a non-trivial element of E™ and hence have a 
non-trivial lift to K-homology. Then the twisted additive structure of the K-homology cycles 
will encode the lower brane charges that must be carried by any D-brane which wraps the 
Eilenberg-MacLane space K(A, n). 

This construction provides a novel mechanism for stability of the hyperbolic orbifold back¬ 
ground B , wherein it can be extended via a stratified system of groups to a non-trivial 
element of K-homology. As the homotopy groups of K(A, n ) are mostly trivial, this imposes 
much more stringent constraints on the allowed stable branes in such .B-field backgrounds. A 
model for each space K(A, . n) can be obtained by taking a presentation of Aj and the smash 
product S n A • • • A S n , with one n-sphere for each generator of Aj, and then attaching n + 1- 
cells for each relation. If n = 1 and Aj has torsion, then no finite-dimensional CW-complex 
can model K(Aj, 1) as then its homology is torsion in each odd degree by the Dold-Thom 
theorem; for example K_{ Z m , 1) can be modelled by the infinite Lens space S°°/Z m . 
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